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Abstract
This article considers the difficulties which researchers in mathematics education undergo while collaborating with colleagues from different traditions of inquiry. In particular we seek to explain how collaboration is possible given that researchers work within incommensurable discourses. Incommensurability, as Kuhn viewed it, means that the proponents of competing paradigms practice their trades in different worlds, as they use similar key words in different ways. Given this scenario, how can researchers participating in different discourses communicate and collaborate? We take the case of a commognitive researcher who tries to collaborate with a cognitive researcher in mathematics education to investigate this question. We argue that although these discourses are indeed incommensurable, at least partial collaboration is possible. This solution is rooted in Kuhn's later conception of incommensurability which means that theories are incommensurable in regard to certain concepts, since during revolutions not all concepts change their meanings. Given this locality, we argue that collaboration is possible, given that there is some partial overlap in the word-use of the two researchers. We illustrate this claim by showing how the notion of 'learning', which is conceptualized differently in the two incommensurable discourses (the ‘cognitive’ and ‘commognitive’), still has some common components, i.e. the ideas of 'change' and ‘conflict’. 

1. Introduction
In recent years, there has been an increased attention to the issue of compatibility between theories or theoretical frameworks in mathematics education (Jablonka & Bergsten, 2010; Lerman, 2010). Addressing the plurality of theories in mathematics education, researchers have started asking difficult questions about the possibility of combining or “networking” theories (Prediger, Arzarello, Bosch, & Lenfant, 2008). Many point to the dangers of plurality of theoretical discourses, claiming these inhibit the building of scientific bodies of knowledge (Sriraman & English, 2010) while others point to the dangers of thoughtlessly combining “incommensurable” theories (Lerman, 2010). Rarely, however, have researchers in the field of mathematics education tended deeply to what such incommensurability of theoretical frameworks means, where it actually exists and how it may be overcome. In this paper, we use the case of two researchers attempting to collaborate across distinct theoretical frameworks, which we will refer here as “discourses”, to examine the issue of incommensurability between such discourses and possible ways to overcome the problems that it poses. Our case involves Baruch Schwarz and the second author of the present paper who aimed at enriching their understanding of the mechanisms by which students advance in their proportional reasoning in dyadic interactions. Anchoring her work in Anna Sfard's (2008) ‘commognitive discourse’, which is a very different than the cognitive discourse that underlies Schwarz’s previous work,  the second author and Schwarz experienced difficulties trying to reconcile two different methodologies and even agreeing upon the studied phenomena. 
Broadly speaking, the origins of the dispute between the second author and Schwarz can be traced to a much earlier and long-lasting dispute in educational research – that between the “cognitivists”, whose main origin of thought lies in the work of Jean Piaget and the “socio-culturalists” whose central inspiration lies in the works of Lev Vygotzky (Lerman 2001; Roth and Lee 2007). In simple terms, Piagetian scholars have been mainly looking at the individual’s cognitive development, often conceptualizing it in terms of distinct “stages”, while the socio-culturalists have claimed that learning originates in the world and culture surrounding the child and thus  it can only be understood as a social phenomenon. Building upon Vygotsky and Wittgenstein’s late philosophy (as well as other Russian theoreticians such as Bakhtin) Sfard (2007a; 2007b; 2008; 2009) formed a theory that, in her view, cannot be simply “combined” with the Piagetian views. 
The main tenet of the commognitive framework is that thinking can be defined as a form of intra-personal communication, not qualitatively different than inter-personal communication. This seemingly simple claim, which many researchers might not see as fundamentally contrasting their own assumptions, is actually quite radical. It presupposes a Wittgensteinian premise that exempts any form of talk about “inner” or “subjective” experience as untenable for empirical investigations. By so arguing, Sfard wishes to overcome the problematic dichotomy which resides within the theory of mind. Drawing on Wittgenstein (1953) as well as Gilbert Ryle (1949/2000), she takes a definite stance in the dualistic vs. monistic debate: “Because of this inaccessibility, the claim that mental entities are responsible for our volitional acts has no explanatory power” (2008; p. 72). Thus, unlike the cognitivist's view that discriminates between thinking and communicating (often referring to the thinking as causative of communication or talk) and conceptualizes learning as an individual phenomenon that is solely located in the human brain, the commognitive framework maintains that learning is a collective activity in which students become participants in a certain type of discourse. Here, thinking and communication are two variants of the same phenomenon because any type of thinking originates in the society and only after “individualization”, does it become an internal “thinking” process. For Sfard (2009; p. 176), it is clear that “the cognitive dualistic language is incompatible with that of commognition”. Importantly, though Sfard uses the word ‘incompatibility’ to characterize the relationships between cognitive and commognitive theories, we shall show that in fact she is referring to the same phenomena described by Kuhn as incommensurability. 
This conception of incommensurability means that there is no common language into which two contending scientific languages could be fully translated (Kuhn 1988). As Kuhn points out:
We have already seen several reasons why the proponents of competing paradigms must fail to make complete contact with each other’s viewpoints. Collectively, these reasons have been described as the incommensurability of the pre- and post revolutionary normal-scientific traditions … Communication across the revolutionary divide is inevitably partial. (Kuhn 1970a; 148-9; our italics)
Following this line of thought we wish to extend Kuhn’s notion of incommensurability not just to pre and post-revolutionary paradigms but to any concurrent educational discourses that do not share the same meaning of core concepts, that is, they use similar key words in different ways. Viewed in this light, and inspired by the idea of scientific activity as a type of human communication (Bakhtin 1986; Sfard 2008) we see incommensurability as a breakdown in communication between two or more researchers. Given that in the field of mathematics education where problems are often complex and demand multidimensional examination (Sriraman & English, 2010), collaboration between researchers coming from different and possibly incommensurable discourses is often necessary for scientific advancement. 
Thus our aim in this article is to explain how collaboration in mathematics education research may become possible even though the researchers anchor their work in different and possibly incommensurable theoretical frameworks. We shall tackle this problem by specifically tending to the question of collaboration between two researchers, one using a “commognitive” framework while the other a neo-Piagetian or cognitive framework.  
 In agreement with Sfard, we argue that commognitive and cognitive discourses in mathematics education are incommensurable[footnoteRef:1]. Nonetheless, collaboration between researchers coming from these traditions of inquiry is possible under certain conditions. We base this claim on Kuhn’s later writings, in which he limited the scope of incommensurability by rejecting the thesis of 'total' or 'radical' incommensurability and advancing the idea of 'local incommensurability'. The upshot of this view is that not all concepts used in the incommensurable paradigms have differing meanings since there are always unchanged concepts between rival paradigms. Thus, collaboration is possible in relation to questions or issues in which the mutually incommensurable terms are not involved. We illustrate this claim by showing how the word 'learning', which is used differently in each discourse, rests on a shared language, i.e. the concept of 'change'. We will show how this common ground allows using two different methodologies, each resting on a different discourse into one research study.  We will also point to the limitations of this collaboration, and the places where the methodologies do not “meet”, due to the partial incommensurability of the frameworks.    [1:   To avoid some of the blurriness in terms such as “theories” and “theoretical frameworks” we shall use, from this point on, the term “discourses”. Our definition of ‘discourse’ relies on Sfard (2008, p.297): “a special type of communication made a district by its repertoire admissible actions and the way these actions are paired with re-actions”.   ] 

Traditionally, different paradigms or theories are examined in relation to three basic questions: ontological, epistemological and methodological (see for example Guba 1990). However, we found that for our purpose, a conceptual analysis in which the meanings of core concepts of each framework were examined in order to explore the possibility of shared language is more useful. 
The article proceeds as follows: Section II briefly introduces Kuhn's concept of incommensurability and its relation to collaboration. Sections III and IV extend the discussion of incommensurability by exploring a case of a commognitive researcher trying to collaborate with a cognitive researcher in the field of mathematics education. While section III examines whether these discourses are indeed incommensurable, section IV discusses the practical problems that cognitive and commognitive researchers experience within their effort to collaborate because of this incommensurability. Section V considers the philosophical and practical resolutions to the problem of collaboration across incommensurable discourses. The final section of the article discusses the implications of our analysis to researchers in mathematics education.

2. What is Incommensurability?
One may often think that the problem with multiple theories in educational research lies in their incompatibility (Guba 1990; Howe 1992; Prediger, Arzarello, Bosch & Lenfant, 2008). An example would be the contradiction between positivistic and interpretivist paradigms. These paradigms disagree on questions about reality, truth, the relationship between the knower and the known, and the ways that the inquirer goes about finding out knowledge (Guba 1990; Howe 1988). Such disagreement entails holding conflicting ideas regarding ontological, epistemological and methodological issues. Although incompatibility yields breakdowns in communication, there is a common ground that incompatible theories share which enables one to determine that they are incompatible or contradictory (Slife 2000). In other words, incompatibility entails a logical contradiction or inconsistency which relates to the truth value of certain narratives under the same discourse. A logical contradiction is the conjunction of a statement p and its denial (not-p) for one cannot say of something that it is and that it is not in the same respect and at the same time (Aristotle, 2004). When researchers from competing theories within the same discourse maintain that their propositions are true while propositions suggested by another theory are false, we can recognize them as incompatible. However, things get more complicated when the discourses within which these theories lie are found to be incommensurable, a term coined by Thomas Kuhn (1970) in his analysis of the history of science. He introduces his main idea as follows: 
Let us, therefore, now take it for granted that the differences between successive paradigms are both necessary and irreconcilable... The normal-scientific tradition that emerges from a scientific revolution is not only incompatible but often actually incommensurable with that which has gone before" (p. 103, our italics).
One can immediately recognize that for Kuhn incommensurability is not the mere incompatibility of theories. Yet determining the particular features of incommensurability and understanding their effect is not such an easy task. After four decades of investigating this notion, philosophers still have not come to an agreement as to what incommensurability means (Wang 2007; Hoyningen-Huene 1993). 
Analyzing cases of pre- and post-revolutionary scientific traditions Kuhn (1970) came to the conclusion that throughout a scientific revolution, as new paradigms redefine their field, there is a change in the field of acceptable scientific problems, standards for solutions, methods and concepts. After a revolution, many of the problems that were recognized as crucial within the former paradigm may disappear or become trivial according to the new paradigm.  By the same token, the change in standards that accompanies a change of paradigm may have an effect on what is taken to be an acceptable explanation. The inevitable result of changes in problems and standards, concepts and the world view of successive paradigms is that “the proponents of different paradigms practice their trades in different worlds” (Kuhn 1970; p. 150). Kuhn calls this phenomenon incommensurability. In his words (Ibid, p. 199): 
Two men who perceive the same situation differently but nevertheless employ the same vocabulary in its discussion must be using words differently. They speak, that is, from what I have called incommensurable viewpoints.

Applying these ideas to discourses in mathematics education research, several problems seem to occur.  The first is the question whether there exist incommensurable discourses in this field to begin with? If they do exist, how does one identify this incommensurability? Another question is: what would such incommensurability mean for practical purposes such as collaboration between researchers? Many of these questions and similar ones have been raised in response to Kuhn’s theory, all which may be broadly summarized as a critique of the relativism that is implicated by his theory. 
In response to this critique Kuhn (1983) developed and refined his ideas over the following decades. He found instances of paradigmatic changes in which such a change did not include all the changes he depicted in his early theory (including concepts, standards and problems), but only changes in some core concepts while the instruments used to measure them remained unchanged. Thus, he modified his position by arguing that during scientific revolutions, scientists experience translation difficulties when they discuss concepts from a different paradigm, as if they were dealing with a foreign language (Chen 1997). "Within the new paradigm", contends Kuhn (1970; p. 149), "old terms, concepts, and experiments fall into new relationships one with the other." Such terms as 'space', 'earth', 'motion', 'mass' change in meaning from one paradigm to another. Viewed in this light, conceptual incompatibility occurs when we attribute conflicting properties to the same objects. For example, Ptolemy's astronomy which classifies the sun as a planet conflicts with the Copernicus' astronomy which holds the sun as a star. Since these two astronomies use similar words in different ways they are incommensurable. 
Kuhn's later position, which we draw upon in our analysis, narrows the scope that is affected by revolutions without eliminating the fundamental differences that still exist between theories. This is done by introducing the notion of 'local incommensurability'. In his words (1983; p. 670-1): 
The claim that two theories are incommensurable is the claim that there is no language, neutral or otherwise, into which both theories, conceived as sets of sentences, can be translated without residue or loss . . . Most of the terms common to the two theories function the same way in both: their meanings, whatever they may be, are preserved; their translation is simply homophonic. Only for a small subgroup of (usually interdefined) terms and for sentences containing them do problems of translatability arise. 

Unlike the original notion, this conception of incommensurability implies that only a partial group of interlinked concepts change meaning. Thus incommensurability is a limited inability to translate from a local subgroup of terms of one theory into another local subgroup of terms of another theory. Within the distinction we made earlier between ‘theory’ and ‘discourse’, Kuhn’s assertion means that there is an overlap between incommensurable discourses. This overlap consists of the intersection that includes the unchanged words, which makes communication across discourses possible, even if partially. 
Within such a more limited definition of incommensurability it seems reasonable to say that collaboration is possible under certain circumstances, that is, in relation to the words that are part of the intersection and that form a shared language. 
The next chapters examine the case of a commognitive researcher who attempts to collaborate with a cognitive colleague in the field of mathematics education. By analyzing core concepts of the examined discourses we argue that these discourses are incommensurable. Yet, as it will be shown, collaboration was possible in relation to the question that interested the researchers. 

3. Cognitive and Commognitive discourses  – a case of incommensurability 
Based on Kuhn's interpretation of incommensurability as conceptual incompatibility, we conducted a conceptual analysis that examines the different meanings that the commognitive and cognitive discourses s attribute to core concepts. Let us first describe in a nutshell Piaget’s theory, which is one of the dominant theories of the cognitive discourse and that forms the background of Schwarz’s study of proportional reasoning. After that, we shall outline the commognitive theory that has formed the background of the second author’s research, while mapping its incommensurability with the cognitive theory.
Cognitive Theory
Piaget’s theory stressed the importance of cognitive conflict as a central step in the process of cognitive development. Posner et al. (1982) built on these ideas in theorizing that cognitive conflict, or dissatisfaction with existing concepts, leads to a need for reorganizing, restructuring or changing existing structures, defined by them as “conceptual change”. 
One of the main mechanisms suggests by Piaget and his followers to explain how children learn is that of cognitive conflict. The child seeks equilibrium, claims Piaget, and therefore constantly seeks to assimilate new information into existing mental constructs. At a certain point, the world ceases to behave in ways that fit with these constructs (for instance, a doll that should have ‘disappeared’ because it left site behind a pillow, suddenly reappears or is discovered behind the pillow). At that point, the child experiences a conflict between his existing constructs (or concepts) and the happenings in the world. He therefore accommodates his conceptions to fit the new discoveries (for instance, a doll behind a pillow will still be there even if it is not seen).  Experiments on proportional reasoning have largely been based on this idea of cognitive conflict. The idea is to present the child/student with a fact that contrasts with his former concepts. For instance, if students use additive reasoning to solve a proportional problem in which they have to predict the ways in which a balance scale would tilt (see fig 1), a task is designed so as to make sure that their additive reasoning would result in a wrong prediction. This task is paired with a scale that confronts the students with their error, thus mobilizing the students to re-organize and accommodate their ‘proportional concepts’ to the new facts they have just discovered in the world. 
Figure One
Example of Item of the Blocks Task [image: ]
Taken from Asterhan, Schwarz & Cohen-Elihau (2015).
Commognitive Theory and its incommensurability with cognitive theory
Sfard’s ‘commognitive’ theory of human cognition can be seen as a reaction to the domination and prevalence of Piaget’s heritage in mathematics education in particular and in the learning sciences more generally. The main tenet of the commognitive framework is that thinking can be defined as a form of intra-personal communication, not qualitatively different than inter-personal communication. Sfard rejects the idea of ‘cognitive conflict’, claiming it does not account for the ways in which students actually individualize the discourse around them. She would probably ask “where did these children get the ideas of how to proportionally solve the problem in the first place?” She would claim students are not inventing proportional solutions but rather employing routines and words/signifiers that they have learned from others in order to solve this problem.  Instead of the cognitive conflict mechanism, Sfard suggests a “commognitive conflict” (commognitive being a combination of communication and cognition). Such a commognitive conflict occurs between expert and novice forms of communication. In summarizing the difference between commognitive and cognitive conflict Sfard writes:
Cognitive conflict is defined as arising in the encounter between one’s beliefs and the world: A person holds two contradicting beliefs about the world, with one of these beliefs being, of necessity, incompatible with the real state of affairs. In one’s attempt to resolve the conflict, the person will try to employ the world itself as an ultimate arbitrator. The idea of commognitive conflict, in contrast, rests on the assumption that learning, as a change of discourse, is most likely to result from interactions with others. According to this latter approach, the main opportunities for metalevel learning arise not from discrepancies between one’s endorsed narratives and certain external evidence, but from differences in interlocutors’ ways of communicating. (Sfard 2007; p. 576-577)
Sfard further claims Piaget’s cognitive theory belongs to “monological discourses”. Citing Bakhtin (1986; p. 163) she states “monologically disposed researchers view their narratives about the world as depending on the world itself rather than on the human storyteller” (2008; p. 66). In contrast, dialogical discourse (in which she situates the commognitive framework) “is explicit about its being but a discourse” (ibid). This distinction relates to the different ways researchers warrant their knowledge claims. As she states:
The deep epistemological-ontological gap between monological and dialogical approaches should not be dismissed as just a matter of philosophical musings. Incommensurable basic tenets lead to differing research practices. Thus, whereas the monological thinker makes claims about the correctness or veracity or theories of thinking, the dialogically disposed person is likely to gauge competing theories according to their usefulness – according to their cogency, richness, coherence, and generative power”  (Sfard 2008; p. 67-68).
Another deep divide between Cognitivists and Commognitive theory, according to Sfard (2007), is in the conceptualization of “learning”. In the cognitive framework this concept is grounded in one of the basic and most prevalent ideas inherited from Piaget: that of developmental stages. Anchored in biological (primarily Darwinian) scientific discourse, this view sees human learning as constrained biologically by certain brain mechanisms that, only when mature enough, can be activated for learning certain concepts (such as proportions  or conservation of quantities). In contrast, the commognitive theory puts much less emphasis on biological constraints and stresses that learning originates, first and foremost, in the society and culture surrounding the child. Moreover, cognitivists, claims Sfard, see learning as “acquiring” a certain chunk of knowledge. This knowledge exists, according to this “acquisitionist” view, somewhere in the world, disconnected from the humans that produced it. For instance, mathematics is one type of knowledge that students acquire bit by bit. In contrast, a dialogical discourse on learning sees it as a form of participation in cultural practice. Knowledge is thus inseparable from the people that produce it, and mathematics is the communicational practice of a certain type of community (the community of mathematicians). 
The commognitive and cognitive theories also differ considerably in their usage of the concept of “number”. According to Sfard, numbers are discursive products, completely dependent on their human construction. This position stands against the (often implicit) cognitivist idea that treats numbers as self-sustained entities existing in the world along with humans and animals. Take for example Piaget’s (1952; cited in Sfard & Lavie, 2005) talk about the “child’s earliest contacts with numbers” (p. 3), or Dehaene's (1997) claim that “what distinguishes us from other animals is our ability to use arbitrary symbols for numbers” (p. 73). Sfard and Lavie (2005) point out that what these assertions have in common is the presupposition that when a child is born, the numbers are already out there in the world waiting to be discovered along with stars, trees, and other material objects (p. 386 footnote). Based on Wittgenstein’s late philosophy (1953) which pointed to the logical faults in talking about mental entities as existing independently of the talk about them, Sfard (2008) rejects this cognitivists’ talk about numbers-as-discourse-independent-entities. Instead, she claims: 
[C]oncepts … such as cat or mouse, may be called concrete, as they arise in reaction to tangible, material objects that exist independently of communication. This is not the case for concepts which are commonly called abstract, such as number of function. These latter concepts cannot be regarded as a result of categorization of extra-discursive objects according to these objects’ perceptual (visual, auditory, olfactory, etc.) similarities. They can, however, be seen as a product of our awareness of certain similarities in our former commognitive acts. (Sfard 2008;  p. 112).
More generally, Sfard offers her take on what ‘concept’ is, by relying on Vygotsky’s theory of the socio-cultural origins of learning and Wittgenstein’s claim that meaning is to be found in the use of words, she states: "When combined together, these two descriptions, Vygotskian and Wittgenteinian, define the term concept as referring to words together with their discursive uses.” (Sfard 2007b; p. 332). The implications of this interpretation refer to the focus of analysis: "The combined Vygotskian/Wittgensteinian rendition of the term concept thus makes it clear that in research on development of numerical thinking, nothing less than the entire discourse on numbers must constitute the unit of analysis" (Sfard 2007b, p. 333).
Underlying all of Sfard’s critique of the ‘cognitivist’ or Piagetian view is the rejection of a ‘dualistic’ or Cartesian account of human cognition. In her words:
The vision of human existence as involving two different types of objects, the bodily and the mental – the accessible with senses and the perceptually unreachable – persisted in one form or another throughout ages. So did the related split between two types of human processes, thinking and behavior. Although the present formulation of the dualist doctrine is certainly quite different, the monological discourse that pictures thinking and behavior as ontologically distinct types of human doing is alive and kicking… (Sfard 2008; p. 69)
Her rejection of this Cartesian dualism is anchored in Wittgenstein’s private language argument, according to which talking about inaccessible, subjective experiences as prior to the language that describes them is futile. Cognitive theory, Sfard claims, is all based on such ‘private language’ assumptions where ‘concepts’ and ‘beliefs’ inform and impact behavior but this causal relationship is not logically valid. The reason why cognitive theorists fall so frequently into these dualistic traps, Sfard analyzes, is that they reify and objectify mental processes, turning them into hypothetical entities. For instance, being able to talk about numbers as having certain characteristics is reified into ‘having a concept of number’. This mental entity (the conception of number) is then used to explain certain problem solving skills. The only reason that such a tautology goes unnoticed, says Sfard, is because the metaphor of object is a prevailing metaphor in our lives. And yet, she warns that this metaphor is used much too widely in the sciences of learning and has produced such confusion and ‘illusory quandaries’ that it should better be rejected altogether. 
We have thus seen that the cognitive and commognitive theories differ in their use of several core concepts. The following table summarizes this conceptual analysis: 

Table 1
 Diverse Meanings in Core Concepts

	Concept
	Commognitive Theory
	Cognitive Theory
	Comments

	Thinking
	individualized form of social communication
	mental process/brain mechanism
	

	Learning
	change in participation patterns in a certain discourse
Sub-concept: commognitive conflict
	change in mental constructs

Sub-concept:
cognitive conflict
	Shared concepts are "change" and "conflict"

	Mathematical Knowledge
	Human communication with distinct characteristics (focused on numbers and shapes)
	Information and facts about numbers existing independently of the humans constructing it
	

	Sub concept: Mathematical Concept
	A discursive product (a signifier together with its uses)
	 Mental entities reflecting entities existing in the world
	

	Justification 
	Usefulness
	Veracity (truth as correspondence theory).
	



The above analysis points to the fact that commognitive and cognitive theories indeed form parts of incommensurable scientific discourses, as they make very different use of the same key words. Let us now move to examine the practical problems that emerge from this incommensurability in relation to the efforts of Baruch Schwarz, a cognitive researcher and the second author, a commognitive researcher to collaborate on research dealing with proportional reasoning in dyadic interactions. 

4. Collaboration across incommensurable discourses
In order to consider the conditions under which collaboration across incommensurable discourses is possible, we need to first explicate what we mean by collaboration. We see collaboration as an activity in which two individuals subsume themselves under a single common goal. This shared goal in turn presupposes a high level of shared language (Downes 2012). Acknowledging this requirement for collaboration, we argue that partial collaboration between the second author and Baruch Schwartz was achieved due to the fact that a small set of concepts were shared. But before explaining this point, let us clarify first how the discussed conceptual incompatibility between commognitive and cognitive frameworks (i.e. incommensurability) hinders collaboration. As could be seen in the previous section, the cognitive and commognitive theories differ with regard to the main concepts that they use to investigate human learning. This disagreement, we argue, is not merely semantic, but it encompasses different ontological, epistemological and methodological views that pose a serious challenge for collaboration. 
Consider the concept of 'learning' which in Piaget’s theory is conceptualized as constrained biologically by the construct of the brain and where the child is described as “assimilating” and “accommodating” previous mental constructs in accordance with her level of biological maturity and her experiences in the world. In contrast, for Sfard, learning is a process whereby students become participants in a certain discourse, thereby individualizing it’s rules and gaining skills in operating on its’ objects. Moreover, Sfard claims that parts of this process, namely those which she terms “meta-level learning” where students learn the rules that govern the discourse (for instance, rules that govern the proportional discourse in contrast to the additive discourse) are actually impossible to achieve without some expert guidance. 
The ontological difference in the conceptualization of ‘learning’ in the two frameworks leads to differences in methodology. The cognitivist would be satisfied with taking a ‘snapshot’ view of a developmental stage with relatively brief tools such as a questionnaire, since his underlying assumption is that the stage in which the student is found to be is relatively stable. In contrast, the commognitive researcher, who does not see learning as a process of change through developmental stages, but rather as a continuous process of participation in discourses, cannot be fully satisfied solely by questionnaires as they can never give a full picture of the students’ current skills. She would claim that in order to understand learning, attention should be paid  "even to minute changes in the wording of interviewer’s questions, not to speak about the interviewer’s facial expressions, her institutional membership, the seemingly unrelated things she says before and during the interview, the order in which she asks the questions, etc" (Sfard 2007b, p. 333). If not followed by an interview" Sfard argues, "the written answers will always remain subject to multiple interpretations and non-testable guesses" (Ibid).  
On the other hand, the cognitivist is unlikely to agree with the commognitivist’s research methods. Such methods, which are mostly based on close up, qualitative, examination of small excerpts of data would not be considered by him as sufficient evidence for understanding learning processes since they cannot be generalized to other instances (as offered by a random and sufficiently large sample).
Another example of a concept that entails different ontological, epistemological and methodological perspectives is that of 'mathematical knowledge'. This concept, which is common in the cognitive framework, is generally avoided by the commognitive researcher because of its dichotomy between the knower and the known. As we have shown, participants in the commognitive discourse hold a different ontology in which mathematical knowledge is a human made product, in contrast to the cognitivist view that sees mathematical knowledge as existing in the natural world. This difference entails different epistemologies. While the cognitivist takes the mathematical knowledge for granted, and concentrates only on the child who is “acquiring” it, the commognitivist problematizes the existence of “mathematical knowledge” independent of the humans who construct it. Instead she seeks to understand mathematical discourse (or discourses) and their development, both within individuals and between them (as in historical developments). Thus, there is a major difference in the unit of analysis.  Whereas the cognitivist focuses on the biological unit (the child), the commognitive researcher focuses on the communication (the discourse). Therefore, "data collection are always documented and analyzed in their entirety (as opposed to their being attended only partially, as is the case when one chooses to analyze just the interviewees’ parts of oral or written exchanges)” (Sfard 2007b, p. 334). 
As in the previous example, this methodological stance hinders collaboration in the case of examining proportional reasoning. While the cognitivist would be satisfied with analyzing a certain portion of a student’s thinking (which is indicative of a certain ‘mathematical concept’), the commognitivist would insist on looking at much larger and/or detailed sets of data that would inform her about how the discourse on proportions changes in patterned ways. 
The methodological differences described above may cause the two researchers to question the trustworthiness of each other's findings because of the differences in ways in which they justify their conclusions. Consider an example taken from the conclusions made by Schwarz and his colleagues (Asterhan et al,2015) after having detailed all the statistical findings of their research:
The benefits of interaction with a more competent peer and hypothesis testing were found to hold only when the test proved that the predictions of this more competent peer were correct (i.e., when the prediction was based on the correct, high-order reasoning strategy). When lower competence peers (using additive strategies) interacted with a more competent peer (using proto-proportional strategies), the former actually gained more without hypothesis testing. 
The commognitivist would find it hard to accept these conclusions as trustworthy. She would criticize the descriptions of ‘high competence’ vs. ‘low competence’ students pointing to the fact that these labels gloss over many important differences between students’ answers. Moreover, she would object to the fact that ‘high competency’ was determined by the highest score for one of the tasks. Thus, a student could have solved several of the tasks with a ‘lower level’ reasoning but that would not be seen in these conclusions. Finally, she would point to the minute details of the different tasks, claiming that these differences afford and constrain different solution types by making certain characteristics of the blocks more salient than others. Given this disagreement, it seems difficult to see how collaboration between commognitive and cognitive researchers is possible.

5. The Resolution
Despite the differences described above, the second author and Schwarz discovered that, in practice, the cognitive and commognitive methods of analysis revealed complementary views of how students progress in proportional reasoning tasks within dyadic interactions. While Schwarz’s study (Asterhan et al., 2015) provided the macro picture of general trends in this form of learning, and did it through examination of more than 400 students performance on the proportional reasoning task, the second author’s commognitive analysis attended to the micro-processes that took place in one dyadic interaction where a pair of students seemed to progress ‘out of themselves’ without an expert’s guidance. Thus, the macro study showed that, in general, students tended to learn from each other more sophisticated ways of solving a proportional reasoning problem, and did so even in situations where both of them started out in a low level. This has been termed by Schwarz the ‘two wrong make right’ phenomenon” (Schwarz, Neuman and Biezuner 2000) and aligns very well with a cognitivist view of learning as an individual endeavor. However, the findings showed also that such advancement was generally seen more when students were presented with a hypothesis testing device that could confirm their proportional solution. These results left the researchers with a puzzling question: if the socio-cultural theory is true, and students generally advance over difficult stages (called by Sfard “meta-discursive” shifts) only with the assistance of an expert, then how could two students progress from a non-proportional to a proportional discourse all by themselves? The researchers then preformed a commognitive analysis on one specific dyad that exhibited this sort of advancement. In it, they tended to the very minute details of every action and word used by the two students in the process of solving the balance scales problem. The analysis showed that, in fact, the students’ advancement did not come “out of nowhere”. Rather, each one of the students had some skills that were necessary for a proportional solution to be carried out and jointly they were able to combine those skills into an acceptable solution. More importantly, the analysis highlighted the importance of the balance scale in this process, leading the researchers to conceptualize it as a discursive (pedagogical) tool that embodies the experts’ knowledge about teaching proportional reasoning skills. Thus the disagreement between the cognitive and socio-cultural views was settled: the students did, indeed, progress on their own, but the expert discourse was also present in the interaction.
We now go back to our definition of collaboration between researchers, as working towards a mutual goal, and specifically, towards understanding a certain educational phenomenon. In light of this definition, it seems the collaboration between Schwarz and the second author was indeed successful. Not only did they understand something about how proportional reasoning may advance in the presence of a balance scale, they also informed each other’s discourse on how students learn mathematical concepts. Most importantly, their study was truly co-constructed on both methodologies. On the one hand, the choice of dyad for close examination, and the questions asked, were informed by the results on the set of 200 dyads that were studied in Schwarz and his colleagues’ study. On the other hand, understanding the process by which learning may occur in such a dyad was impossible without the close-up examination of the commognitive analysis. 
Yet, despite this apparent harmony between the two discourses, the collaboration between the two researchers was still constrained. Any questions raised by one theory using concepts that were not in the shared space of the two discourses, could not be answered by the other theory. For instance, questions about students in different “cognitive stages” of proportional reasoning could not be answered by using the commognitive framework. Neither could this framework be applied for answering questions regarding the process of “conceptual change” as an individual phenomenon happening inside the students’ heads. On the other hand, the cognitive framework was less appropriate for examining the processes of change in students’ discourse. This could be attributed to the cognitivist tendency to “objectify” mental processes which leads her away from attending to actions towards focusing on mental entities (such as “having a concept”) and relatively discreet changes in these entities (such as “conceptual change” or moving through “cognitive stages”).

6. Conclusion
[bookmark: h.pvwowo9ewt7][bookmark: h.gjdgxs]Much of the educational debate regarding the possibility of collaboration between different traditions of inquiry addresses the problem of incompatibility between such traditions (Alexander 2007; Guba 1990; Howe 1998). And yet, mere incompatibility of theories does not seem to account for the problems that Schwarz and the second author encountered in their efforts to collaborate. This is because incompatibility implies shared criteria for determining which arguments, claims or conclusions should be accepted, an assumption that does not hold when theories belong to incommensurable discourses. According to Kuhn, when researchers use differently the same words, they speak from incommensurable theories (which we term “discourses”).  This view implies that researchers from incommensurable discourses cannot evaluate the findings and conclusions of their colleagues' within their conceptual framework, nor can they build upon their former results. Viewed in this light, collaboration seems impossible. Yet, it is by holding Kuhn's later position of local incommensurability that we can offer the conditions under which collaboration across incommensurable discourses may be possible, even if to a partial extent. Indeed, if we accept Kuhn's new interpretation of incommensurability in which researchers participating in incommensurable discourses  use scientific concepts differently only with regard to some of their words, then we can argue that collaboration is possible in relation to issues that do not involve conceptual incompatibility. In order to do so, one has to pursue conceptual analysis in which the meanings of core concepts are explored as to find this shared language. 
Employing conceptual analysis to the cognitive and commognitive discourses, we have shown that they are indeed incommensurable. And yet, despite the gloomy prospects for collaboration that might have been drawn from this conclusion, we found that collaboration was possible in relation to the question of effective instructional situations.  We claim that this was due to the fact that the commognitive and cognitive discourses share at least two concepts: 'change' and 'conflict'. These shared concepts allowed collaboration since they enabled Schwarz and the second author to speak of a joint goal: understanding how learning to solve a proportional problem takes place in a dyadic interaction where the ability of the partners to solve the problem ostensibly changed between the pre and post interaction. Notice that this language presupposes the shared concept of 'change' as it implies that after the interaction children could do something that was not achievable before it. Here, both the cognitive and the commognitive researchers could agree on the premise that, if a student gives a qualitatively different (and more sophisticated) answer to the problem at the post-test than he/she did in the pre-test, then something has changed (regardless of where and how exactly this change has taken place). Without mutually holding that learning implies change, the researchers could not have committed themselves to a shared goal within their research study. 
However, as was shown, there were still issues for which collaboration between commognitive and cognitive researchers was not made possible, because of the unbridgeable gap between the ways they use key words and their underlying philosophical presuppositions.
The implications of the above analysis for researchers in mathematics education are threefold: First, it sheds light on the incommensurabilities and the shared spaces that the cognitive's and commognitive's discourses have in common. This point is of particular interest for researchers who use theories that form part of incommensurable discourses yet still aim to tackle a shared problem. Second, it offers a methodology for mapping the possibility of collaborative work, since it is by pursuing conceptual analysis that the researchers can 'see' their common language, which in turn can enable them to work together within this limited space. Since incommensurability is the result of different word use, the key to resolve it is to explore those problematic concepts in order to find a shared language. Third, the tool of conceptual analysis can also be used to examine the logical validity of combining multiple theories, not just by different researchers but also by a single researcher who wishes to use multiple theories for a single set of research questions. By exploring the issue of conceptual incompatibility, the researcher can find those linguistic shared spaces in which the integration of different frameworks into one coherent narrative is possible. In light of the proliferation of theories in mathematics education in recent years (Sriraman & English, 2010), and the concerns expressed about researchers using a combination of theories that are potentially incompatible or incommensurable (Lerman, 2010), we believe the method put forward in this paper may be of use for researchers who seek to avoid such incoherence yet also seek to make use of multiple theories in their study. 
One final point, as one might suspect, the present article stems from collaboration between a philosopher of education and an empirical mathematics education researcher. How this collaboration was possible is apparently an interesting question to be attended to in another article. 
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